Abstract. In this paper, we investigate some properties of Chebyshev polynomials arising from non-linear differential equations. From our investigation, we derive some new and interesting identities on Chebyshev polynomials.
Introduction
As is well known, the Chebyshev polynomials of the first kind, T n (x), (n ≥ 0), are defined by the generating function
T n (x) t n n! , (see [1, 3, 5, 8, 17, 21] ) .
The higher-order Chebyshev polynomials are given by the generating function
and Chebyshev polynomials of the second kind are denoted by U n and given by generating function
n , (see [1, 7, 12, 17] ) .
The higher-order Chebyshev polynomials of the second kind are also defined by
The Chebyshev polynomials of the third kind are defined by the generating function
n , (see [1, 7, 8, 17] ) .
and the higher-order Chebyshev polynomials of the third kind are also given by the generating function (1.6)
Finally, we introduce the Chebyshev polynomials of the fourth kind defined by the generating function (1.7)
1 + t 1 − 2xt + t 2 = ∞ n=0 W n (x) t n .
The higher-order Chebyshev polynomials of the fourth kind are defined by
It is well known that the Legendre polynomials are defined by the generating function [2, 20] ) .
Chebyshev polynomials are important in approximation theory because the roots of the Chebyshev polynomials of the first kind, which are also called Chebyshev nodes, are used as nodes in polynomial nodes (see [19] ).
The Chebyshev polynomials of the first kind and of the second kind are solutions of the following Chebyshev differential equations
and
These equations are special cases of the Strum-Liouville differential equation (see [1] [2] [3] ).
The Chebyshev polynomials of the first kind can be defined by the contour integral
where the contour encloses the origin and is traversed in a counterclockwise direction (see [1, 19, 21] ). The formula for T n (x) is given by
From (1.3), we note that
Thus, by (1.14), we get
From (1.3) and (1.15), we can derive the following equation:
Note that
From (1.16) and (1.17), we have
The Chebyshev polynomials have been studied by many authors in the several areas (see ).
In [11] , Kim-Kim studied non-linear differential equations arising from Changhee polynomials and numbers related to Chebyshev poynomials.
In this paper, we study non-linear differential equations arising from Chebyshev polynomials and give some new and explicit formulas for those polynomials.
2. Differential equations arising from Chebyshev polynomials and their applications
Then, by (1.1), we get (2.2)
From (2.2), we note that
By using (2.3) and (2.2), we obtain the following equations:
where
Continuing this process, we set
where N ∈ N. From (2.7), we note that
By (2.2) and (2.8), we get
Thus, from (2.9), we have
On the other hand, by replacing N by N + 1, in (2.7), we get
Comparing the coefficients on both sides of (2.10) and (2.11), we have
and (2.14)
Moreover, by (2.4) and (2.7), we get
By comparing the coefficients on both sides of (2.15), we get (2.16) a 1 (1) = 1. Now, by (2.12) and (2.16), we have
. . .
From (2.13), we easily note that
For 2 ≤ i ≤ N , from (2.14), we can derive the following equation:
where (x) n = x (x − 1) · · · (x − n + 1), (n ≥ 1) and (x) 0 = 1. As the above is also valid for i = N + 1, by (2.19), we get (2.20)
where 2 ≤ i ≤ N + 1. Now, we give an explicit expression for a i (N + 1). From (2.17) and (2.20), we can derive the following equations:
Thus, we see that, for 2 ≤ i ≤ N + 1,
Therefore, we obtain the following theorem.
Theorem 1. The nonlinear differential equations
From (1.3) and (1.9), we note that
Thus, from (2.25), we have
From (1.4), we obtain
On the other hand, by Theorem 1, we get
Comparing the coefficients on the both sides of (2.26) and (2.27), we obtain the following theorem. Theorem 2. For N ∈ N, and n ∈ N ∪ {0}, the following identity holds.
The higher-order Legendre polynomials are given by the generating function
Thus, by 1.4 and (2.27), we get
n (x) t n (2.29)
From (2.29), we note that
Therefore, we obtian the following corollaries.
Corollary 3.
For N ∈ N and n ∈ N ∪ {0}, we have
Corollary 4. For N ∈ N and n ∈ N, we have
By (1.6), we get
On the other hand, by Theorem 1, we have
From Leibniz formula, we note that
By (2.32) and (2.33), we get
Therefore, by (2.31) and (2.34), we obtain the following theorem.
Theorem 5. For N ∈ N and n ∈ N ∪ {0}, we have the following identity:
From (1.8), we note that
Now, we observe that
From (2.36) and (2.37), we have
Therefore, by (2.35) and (2.38), we obtain the following theorem.
Theorem 6. For N ∈ N and n ∈ N ∪ {0}, the following identity is valid:
From (1.1), we have
From Leibniz formula, we note that the following equations:
By ( Therefore, by (2.39) and (2.43), we obtain the following theorem.
Theorem 7. For n ∈ N ∪ {0} and N ∈ N, we have the following identity 
